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ABSTRACT
Generalized complex geometry is a new mathematical framework that is useful
for describing the target space of N = (2, 2) nonlinear sigma-models. The most
direct relation is obtained at the N = (1, 1) level when the sigma model is
formulated with an additional auxiliary spinorial field. We revive a formulation
in terms of N = (2, 2) semi-(anti)chiral multiplets where such auxiliary fields are
naturally present. The underlying generalized complex structures are shown to
commute (unlike the corresponding ordinary complex structures) and describe
a Generalized Ka¨hler geometry. The metric, B-field and generalized complex
structures are all determined in terms of a potential K.
1 Introduction
In this paper, we show how a sigma-model based on semi-chiral and semi-antichiral super-
fields realizes a new mathematical concept called a generalized complex structure (GCS).
The geometry of the target space of supersymmetric nonlinear sigma-models is restricted
by the number of supersymmetries in the base as well as the type of background fields
(metric g and NS − NS two-form B) in the target space [1], [2], [3], [4]. The situation in
two dimensions is summarized in Table 1:
Supersymmetry (0,0) or (1,1) (2,2) (2,2) (4,4) (4,4)
Background g, B g g, B g g, B
Geometry Riemannian Ka¨hler bihermitian hyperka¨hler bihypercomplex
Table 1: The geometries of sigma-models with different supersymmetries.
Some intermediate N = (p, q) geometries are also partly classified [5], [6].
We focus on N = (2, 2) models in a metric and a B-field background, and find a rein-
terpretation of the bihermitean geometry. This is motivated by some recent advances in
mathematics, initiated by Hitchin to describe generalized Calabi-Yau manifolds, e.g., includ-
ing an antisymmetric B-field [7]. This Generalized Complex Geometry (GCG) [8] includes
bihermitean geometry, Ka¨hler geometry, and symplectic geometry as special cases. Its fun-
damental object is a Generalized Complex Structure (GCS), which is a map of the sum of
the tangent and cotangent spaces T ⊕ T ∗ to itself; the GCS squares to minus one and obeys
an integrability condition stated in terms of the Courant bracket, a generalization of the Lie
bracket to T ⊕T ∗. The GCG is very well suited to a description of N = (2, 2) in a nontrivial
general background for many reasons, one of which is that the automorphism group of the
Courant bracket includes the b-transform, which is precisely the gauge transformation of the
B-field.
The realization of GCG in supersymmetric nonlinear sigma-models has recently been
investigated in [9], (a preliminary study of the N = (2, 2) model) and in [10], where the
relation to GCS was established for the N = (2, 0) model. The full N = (2, 2) model
in terms of its most general N = (1, 1) formulation is not yet fully understood. Here we
investigate how the GCS arises in models based on semi-(anti)chiral multiplets [11]. These
models have an underlying bihermitean geometry with noncommuting complex structures
and a closed off-shell supersymmetry algebra. This sets them apart from the other known
models with bihermitean geometry and off-shell closure, i.e., those formulated in terms of
chiral and twisted chiral multiplets, which have complex structures that necessarily commute.
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In [8] the concept of generalized Ka¨hler geometry is introduced and shown to encode the
bihermitean geometry of [4] into two commuting GCS’s subject to certain conditions. Since
the sigma model we discuss reduces to that of [4] when auxiliary fields are integrated out,
we expect to find left and right GCS’s that together describe a generalized Ka¨hler geometry.
There are many possible sets of auxiliary fields, however, and it is not a priori clear that the
ones we choose are the correct “coordinates” for such a description.
For a “toy model” based on semi-chiral multiplets only, we discover that the underly-
ing geometry is indeed a generalized Ka¨hler geometry. This model is not a sigma model
proper; nevertheless the second supersymmetry transformations are determined in terms of
the GCS’s corresponding to the complex structure and to the Ka¨hler form.
For the full model based on semi-chiral and semi-antichiral multiplets we uncover two
GCS’s corresponding to a second left and a second right supersymmetry. Although the
corresponding complex structures do not commute, the GCS’s do. Our model thus satisfies
part of the requirement for a generalized Ka¨hler geometry, and we subsequently verify that
the metric on T⊕T ∗ formed as the product of the two GCS’s, is idempotent. The underlying
GCG is thus the expected generalized Ka¨hler geometry. Further, the metric, the B-field,
and the GCS’s are all determined by one and the same potential K.
The literature on GCG in physics is not yet very extensive. The geometry has been
discussed in connection to generalized Calabi-Yau geometries in [12], a short review of the
sigma-model application appeared in [13], applications to topological sigma-models was pub-
lished in [14], [15] and other sigma model applications were discussed in [16], [17].
The organization of our presentation is as follows: In section two we introduce super-
symmetric nonlinear sigma-models and recapitulate the features of bihermitean geometry.
Section three contains a brief introduction to generalized complex geometry and section four
contains an even briefer introduction to sigma model realizations of GCS. In section five we
introduce the basics of semi-(anti)chiral multiplets and section six contains various actions
for them. Section seven shows how the GCS’s emerge for the models discussed in section
six. Section eight, finally, contains our conclusions and an outlook.
2 Sigma models
A nonlinear sigma model is a theory of maps
Xµ(ξ) :M→ T , (2.1)
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where ξi are coordinates onM and Xµ coordinates on the target space T . Classical solutions
are found by extremizing the action.
S =
∫
dξ ∂iX
µ gµν(X) ∂
iXν , (2.2)
where the symmetric tensor gµν is identified with a metric on T . The corresponding geom-
etry is Riemannian for the bosonic model, but becomes complex when we impose enough
supersymmetry.
Supersymmetry is introduced by replacing the Xµ’s by superfields:
Xµ(ξ)→ φµ(ξ, θ) . (2.3)
We shall be interested in a two dimensional M, the dimension relevant for string theory.
There are (at least) two special features in D = 2. First, there can be different amounts
of supersymmetry in the left and right moving sectors denoted N = (p, q) supersymmetry.
Second, if parity breaking terms are allowed, the background may contain an antisymmetric
Bµν-field. For N = (2, 2), the supersymmetric action written in terms of real N = (1, 1)
superfields reads (with spinorial indices α = {+,−})
S =
∫
d2ξ d2θD+φ
µEµν(φ)D−φ
ν , (2.4)
where Eµν(φ) ≡ gµν(φ) + Bµν(φ). This action has manifest N = (1, 1) supersymmetry
without any additional restrictions on the target space geometry. In [4], Gates, Hull and
Rocˇek showed that it has additional nonmanifest supersymmetries,
δφµ = ε+D+φ
νJ(+)νµ + ε
−D−φ
νJ(−)νµ , (2.5)
(where {(+), (−)} are labels and not spinor indices) provided that the following conditions
are fulfilled
• Both the J ’s are almost complex structures, i.e., J(±)2 = −1.
• They are integrable, i.e., their Nijenhuis tensors vanish
N (±)ρµν ≡ J
(±)l
µ ∂[lJ
(±)ρ
ν] − (µ↔ ν) = 0 (2.6)
• The metric is hermitean with respect to both complex structures, i.e., it is preserved by
both structures: J(±)tgJ(±) = g
• The J’s are covariantly constant with respect to a torsionful connection:
∇(±)J(±) = 0 ,
3
where ∇(±) ≡ ∇0 ± g−1H is the Levi-Civita connection plus(minus) the completely anti-
symmetric torsion given by the field-strength H = dB. (There are alternative, equivalent
descriptions; see, e.g., [18].)
The above conditions represent a bihermitean target space geometry with a B-field, and
result from requiring invariance of the action (2.4) under the transformations (2.5) as well as
closure of the algebra of these transformations. Closure is only achieved on-shell, however.
Only under the special condition that the two complex structures commute does the algebra
close off-shell. In that case there is a manifestly N = (2, 2) action for the model, given in
terms of chiral and twisted chiral N = (2, 2) superfields [4].
If one is willing to introduce additional (auxiliary) spinorial N = (1, 1) superfields, it is
known how to accomodate noncommutativity of the complex structures for a special case
which also has a manifest N = (2, 2) formulation. This case corresponds to the semi-
(anti)chiral superfields [11] that we discuss below.
An interesting question is thus: What is the most general N = (2, 2) sigma model with
off-shell closure of the algebra, and what is the corresponding geometry? In asking this we
have in mind an extension of the model similar to the semi-chiral models, i.e., to include
additional fields to allow off-shell closure in the usual “auxiliary field” pattern and a geometry
that includes these fields.
The GCG does contain the bihermitean geometry as a special case and thus seems a
promising candidate. We therefore turn to a brief description of the GCG.
3 Generalized Complex Geometry
To understand the generalization, let us first briefly look at some aspects of the definition of
the ordinary complex structure. The features we need are that an almost complex structure
J on a d-dimensional manifold T is a map from the tangent bundle J : T → T that squares to
minus the identity J2 = −1. With these properties pi± ≡
1
2
(1± iJ) are projection operators,
and we may ask when they define integrable distributions. The condition for this is that
pi∓[pi±X, pi±Y ] = 0 (3.7)
for X, Y ∈ T and [, ] the usual Lie-bracket on T . This relation is equivalent to the vanishing
of the Nijenhuis tensor N (J), as defined in (2.6).
To define GCG, we turn our attention from the tangent bundle T (T ) to the sum of
the tangent bundle and the co-tangent bundle T ⊕ T ∗. (Note that the structure group
4
of this bundle is SO(d, d), the string theory T-duality group1). We write an element of
T ⊕ T ∗ as X + ξ with the vector X ∈ T and the one-form ξ ∈ T ∗. The natural pairing
(X + ξ,X + ξ) = ıXξ gives a metric I on T ⊕ T ∗ as X + ξ, which in a coordinate basis
(∂µ, dx
ν) reads
I =
(
0 1d
1d 0
)
. (3.8)
In the definition of a complex structure above we made use of the Lie-bracket on T . To define
a generalised complex structure we will need a bracket on T ⊕ T ∗. The relevant bracket is
the the skew-symmetric Courant bracket [20] defined by2
[X + ξ, Y + η]c ≡ [X, Y ] +£Xη −£Y ξ −
1
2
d(ıXη − ıY ξ) . (3.9)
This bracket equals the Lie-bracket on T and vanishes on T ∗. The most important property
for us in the context of sigma-models is that its group of automorphisms is not only Diff(T )
but also b-transforms defined by closed two-forms b,
eb(X + ξ) ≡ X + ξ + ıXb , (3.10)
namely,
[eb(X + ξ), eb(Y + η)]c = e
b[X + ξ, Y + η]c . (3.11)
A generalized almost complex structure is an endomorphism J : T ⊕ T ∗ → T ⊕ T ∗
that satisfies J 2 = −12d and preserves the natural metric I, J tIJ = I. The projection
operators Π± ≡
1
2
(1 ± iJ ) are then used to define integrability (making J a generalized
complex structure) as
Π∓[Π±(X + ξ),Π±(Y + η)]c = 0 (3.12)
In a coordinate basis J is representable as
J =
(
J P
L K
)
, (3.13)
where J : T → T, P : T ∗ → T, L : T → T ∗, K : T ∗ → T ∗. The condition J 2 = −12d
will impose the conditions
J2 + PL = −1d
1This connection between T ⊕ T ∗ was early on made in [19]
2It does not in general satisfy the Jacobi identity; had it satisfied the Jacobi identity (T ⊕T ∗, [, ]c) would
have formed a Lie algebroid. It does satisfy the Jacobi identity on subbundles L ⊂ T ⊕ T ∗ that are Courant
involutive and isotropic with respect to I that is, subbundles that close under the bracket and whose sections
are null with respect the metric I (for details see chapter 3 in [8]), but fails to do so in general. It fails in
an interesting way which leads to the definition of a Courant algebroid [8].
Another physical context where the Courant bracket naturally arises is that of anomaly-freedom of gen-
eralized currents recently discussed in [21].
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JP + PK = 0
KL+ LJ = 0
LP +K2 = −1d , (3.14)
hermiticity of I implies
K = −J t
P t = −P
Lt = −L (3.15)
and (3.12) will impose differential conditions on J, P, L and K (For their explicit form, see
[10]).
An ordinary complex structure J corresponds to the GCS
JJ =
(
J 0
0 −J t
)
, (3.16)
and a symplectic structure ω corresponds to3
Jω =
(
0 −ω−1
ω 0
)
. (3.17)
A b-transform acts as follows
Jb =
(
1 0
b 1
)
J
(
1 0
−b 1
)
. (3.18)
The general situation is illustrated in the following diagram:
!"#$%&!$ () $# &+#, -’# .#/,# 0,&#1$%2030& (5 %60,1 #,# %307#.
8!5 "3#9 ’&$-8&-$#*%’
*< (?@)A
B, 8! $.0,%&#2% 0’ 0’ "$ ’#,&%23#
(?@)?*
C+#$# E+# 8!,.0&0!
C03305 " ’#8!,.0&0!,’
’%
’& (?@)F*
%,. (?@)A C03305 "!’#.0 #$#,&0% 8!,.0&0!,’!, %,.
G, !$.0,%$4 8!5 "3#9 $-8&-$# 8!$$ ’"!,.’&! &+#HI
(?@)K*
%,. ’45 "3#8&08’&$-8 -$# 8!$$ ’"!,.’&!
(?@)L*
2M&$%,’N!$5 %8&’%’ 33!C’
(?@)O*
E+# #,# %3 0&-%&0! 0’033-’$%& 0, &+#N!33!C0,1 .0%1$%5 D
Complex
Kähler
Symplectic
Generalized Complex
"# %&’&#$()*&+ ,"- (&/ 1#2,12# 1" /) 3$01" &5&’6+)- &’0)"’$(
Figure 1. The relation between the different geometries discussed.
3For a generalized complex structure to exist T has to be even-dimensional.
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A useful property for calculations is that locally (in an open set around a regular point)
a manifold which admits a generalized complex structure may be brought to look like an
open set in Ck times an open set in (R2d−2k, ω), where ω is in Darboux coordinates and
Ck in complex (holomorphic and antiholomorphic) coordinates (using diffeomorphisms and
b-transforms)4.
a
ii,
Figure 2. A naive picture of the local foliation in complex coordinates zi, z¯i
and Darboux coordinates xa.
The generalized complex geometry is said to be generalized Ka¨hler [8] if there exist5 two
commuting generalized complex structures J1 and J2 such that G = −J1J2 is a positive
definite metric on T ⊕ T ∗. For a Ka¨hler manifold (J, g, ω), using (3.16) and (3.17) one finds
the metric
G = −JJJω =
(
0 g−1
g 0
)
. (3.19)
One of the main results in [8] is that the bihermitean geometry with a B-field discovered
in [4] is equivalent to generalized Ka¨hler geometry.
Finally, it is worth mentioning that it is possible to twist the above structure by a closed
three-form.
We now turn to the question of how this geometry may be realized in sigma-models.
4The proof of this, generalizing the Newlander-Nirenberg and the Darboux theorems, may be found in
Gualtieri’s thesis [8], section 4.7.
5See chapter 6 of [8] for a full discussion of generalized Ka¨hler geometry and the relation to bihermitean
geometry.
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4 Sigma model realization
In this section we recapitulate the basic set up used to discuss the relation between super-
symmetric sigma-models and GCS’s in [10],[9].
To realize the GCS in a sigma model, we need a formulation with additional fields S ∈ T ∗.
We thus consider the following first order action
S =
∫
d2ξd2θ
(
Sµ+E
µν(φ)Sν− − Sµ(+D−)φ
µ +D+φ
µ(B − b)µνD−φ
ν
)
, (4.20)
where Eµν ≡ gµν + bµν and its inverse may be thought of as open string data:
E(µν) = Gµν , E[µν] = θµν . (4.21)
In (4.20), Sµ± acts as an auxiliary field that extends the model to a sigma model on T ⊕T ∗,
and b is a globally defined two-form that makes it possible to display the b-transform. (Note
that the original model (4.20) depends only on H = dB, and B is thus typically only locally
defined). Eliminating Sµ± we recover the action in (2.4). The b-transform is the statement
that if in two actions of the form (4.20), Eµν and E˜µν differ by a closed two-form b˜, the two
actions are equivalent.
The action (4.20) has many interesting limits. For example, if the metric is set to zero,
the action describes a supersymmetric version of a Poisson sigma model [22]. In what follows
we are not interested in the difference between the B and b-fields, but set them equal each
other, so the N = (1, 1) action we study is
S =
∫
d2ξd2θ
(
Sµ+E
µν(φ)Sν− − Sµ(+D−)φ
µ
)
, (4.22)
The form of ansatz for the second supersymmetry (δ = δ(+) + δ(−)) is determined by a
dimensional analysis to be [10]
δ(±)φµ = ε±  LA±A
(±)µ
A
δ(±)Sµ± = ε
±
(
D±  L
A
±B
(±)
µA +  L
A
±  L
B
±C
(±)
µAB
)
δ(±)Sµ∓ = ε
±
(
D±  L
A
∓M
(±)
µA +D∓  L
A
±N
(±)
µA +  L
A
±  L
B
∓X
(±)
µAB
)
, (4.23)
where  LA± ≡ (D±φ
µ, Sµ±) lie in T ⊕T ∗, and all the coefficients A
(±)µ
A , B
(±)
µA , C
(±)
µAB,M
(±)
µA , N
(±)
µA ,
and X
(±)
µAB are functions of φ. The conditions that follow from invariance of the action and
closure of the algebra are of two kinds: algebraic and differential. The two-index coefficients
(C and X) typically turn out to be given as derivatives of the one-index coefficients (A,B,M
and N), just as the generalized complex structures are given in terms of J, P, L and K,
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which subsequently obey differential conditions via the integrability requirement. In [10] it
is shown that the analogous index coefficients for certain N = (2, 0) sigma-models have a
direct interpretation as submatrices of a GCS.
5 Semi-Chiral Multiplets
Semi-(anti)chiral superfields are left or right chiral N = (2, 2)) multiplets and were intro-
duced in [11]. They are represented by N = (2, 2) superfields that obey “half” the usual
chirality constraints. A complex left chiral superfield X obeys
D¯+X = 0 , (5.24)
and a right antichiral superfield Y obeys
D−Y = 0 . (5.25)
Decomposing the N = (2, 2) covariant derivatives (D±, D¯±) into N = (1, 1) derivatives D±
and extra supercharges Q±,
D± = D± + D¯± ,
Q± = i(D± − D¯±) , (5.26)
and the N = (2, 2) superfields into N = (1, 1) superfields,
ϕ ≡ X| Ψ− ≡ Q−X|
χ ≡ Y| Υ+ ≡ Q+Y| , (5.27)
the conditions (5.24, 5.25) become
Q+ϕ = iD+ϕ , Q−ϕ = Ψ− , Q+Ψ− = iD+Ψ− , Q−Ψ− = −i∂=ϕ ,
Q+ϕ¯ = −iD+ϕ¯ , Q−ϕ¯ = Ψ¯− , Q+Ψ¯− = −iD+Ψ¯− , Q−Ψ¯− = −i∂=ϕ¯ ,
Q−χ = −iD−χ , Q+χ = Υ+ , Q−Υ+ = −iD−Υ+ , Q+Υ+ = −i∂++χ ,
Q−χ¯ = iD−χ¯ , Q+χ¯ = Υ¯+ , Q−Υ¯+ = iD−Υ¯+ , Q+Υ¯+ = −i∂++χ¯ ,
(5.28)
where vector indices are denoted by pairs of spinor indices: {++,=}.
For p left-chiral superfields Xa, a = 1, ..., p and p′ right antichiral superfields Ya
′
, a′ =
1, ..., p′, it is convenient to introduce the notation6 A = a, a¯ and A′ = a′, a¯′. In this notation,
we define the complex structures on the subspaces
JAB ≡
(
iδba 0
0 −iδb¯a¯
)
JA
′
B′ ≡
(
iδb
′
a′ 0
0 −iδb¯
′
a¯′
)
, (5.29)
6Not to be confused with the previous usage of the index A in section 4.
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the relations (5.28) can be written as
Q+ϕ
A = JABD+ϕ
B , Q+Ψ
A
− = J
A
BD+Ψ
B
− , Q+χ
A′ = ΥA
′
+ , Q+Υ
A′
+ = −i∂++χ
A′,
Q−χ
A′ = −JA
′
B′D−χ
B′ , Q−Υ
A′
+ = −J
A′
B′D−Υ
B′ , Q−ϕ
A = ΨA− , Q−Ψ
A
− = −i∂=ϕ
A .
(5.30)
Despite the similarities with the geometrical discussion in Section 3 we cannot identify the
generalized Ka¨hler geometry of our model directly from (5.30). If we restrict ourselves to
Q+ transformations, then the A-directions correspond to a transverse complex structure and
the A′-directions to symplectic directions, thus indicating the relation to the generalized
complex geometry. The same can be done for the Q− transformations. However, an off-shell
formulation never contains the full information about the geometry (e.g., the metric), and
thus an analysis of possible actions and their invariances is needed.
6 Actions
6.1 A topological model
A general action that depends only on X and X¯ gives a topological example:
SX =
∫
d2ξd2θd2θ¯K(Xa, X¯a¯) =
∫
d2ξD2D¯2K(Xa, X¯a¯) . (6.31)
Reducing to N = (1, 1) using the results in section 5 in the standard fashion (see e.g. [4]),
we find
SX = −
i
4
∫
d2ξD2(ωABD+ϕ
AΨB−) = −
i
4
∫
d2ξD2(D+ϕ
ASA−) , (6.32)
where we have redefined [11]
SA− = ωABΨ
B
− , (6.33)
and introduced the symplectic form
ωAB ≡
(
0 iKab¯
−iKa¯b 0
)
. (6.34)
6.2 Sigma models
To construct a sigma model, we need to introduce an equal number of semi-chiral and semi-
antichiral fields. This ensures that all the auxiliary superfields can be eliminated. The most
10
general manifest N = (2, 2) action with p left chiral multiplets Xa and p = p′ right chiral
multiplets Ya
′
is∫
d2ξd2θd2θ¯K(XA,YA
′
) =
∫
d2ξD2D¯2K(XA,YA
′
) = −
i
4
∫
d2ξD2Q+Q−K(X
A,YA
′
)
(6.35)
We reduce to N = (1, 1) by acting with Q± and keeping the part independent of the second
θ. The result is
S =
1
4
∫
d2ξ D2
(
− iD+ϕ
AmAA′D−χ
A′ − iΥA
′
+ nA′AΨ
A
−
+ΨA−(−2iωABD+ϕ
B + pAB′D+χ
B′)
−ΥA
′
+ (qA′BD−ϕ
B + 2iωA′B′D−χ
B′)
)
, (6.36)
where the 2p× 2p matrices are
mAA′ = J
B
AKB′BJ
B′
A′ =
(
Kaa′ −Kaa¯′
−Ka¯a′ Ka¯a¯′
)
nA′A = KA′A =
(
Ka′a Ka′a¯
Ka¯′a Ka¯′a¯
)
−2iωAB = −iJC[AKB]C =
(
0 2Kab¯
−2Kab¯ 0
)
−2iωA′B′ = −iJC
′
[A′KB′]C′ =
(
0 2Ka′ b¯′
−2Ka′ b¯′ 0
)
pAA′ = −iJCAKCA′ =
(
Kaa′ Kaa¯′
−Ka¯a′ −Ka¯a¯′
)
qA′A = iJ
C′
A′KC′A =
(
−Ka′a −Ka′a¯
Ka¯′a Ka¯′a¯
)
.
(6.37)
Here ωAB and ωA′B′ are symplectic structures.
Since (6.36) is not directly comparable to the action (4.20) that was previously used to
discuss relations to GCG, we now show how to relate them. First we rewrite (6.36) as7
S =
1
4
∫
d2ξD2
(
Ψt+NΨ− +Ψ
t
+QD−Φ+Ψ
t
−PD+Φ+D+Φ
tMD−Φ
)
, (6.38)
7Here t denotes transpose.
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where we have defined the 4p dimensional column vectors
Ψ± ≡
(
ΨA±
ΥA
′
±
)
, Φ ≡
(
ϕA
χA
′
)
, (6.39)
and the 4p× 4p matrices
N ≡ −i
(
0 0
n 0
)
, Q ≡ −
(
0 0
q 2iω′
)
,
M ≡ −i
(
0 m
0 0
)
, P ≡
(
−2iω p
0 0
)
. (6.40)
In the definition (6.39), we have introduced two new sets of fields Ψa+ and Υ
a′
− . From the
form of the matrices in (6.40) it follows that they do not appear in the action (6.38), but we
shall need them below in discussing the relation to the action (4.22).
To compare (6.38) to the action (4.22) we redefine the auxiliary fields Ψ± in two steps.
First we shift
Ψ± = Ψˆ± + A
(±)D±Φ . (6.41)
This changes the Lagrangian in (6.38) into
L = Ψˆt+NΨˆ− + Ψˆ
t
+(Q+ NA
(−))D−Φ+ Ψˆ
t
−(P− N
tA(+))D+Φ
+D+Φ
t
(
M+ A(+)tNA(−) − PtA(−) + A(+)tQ
)
D−Φ . (6.42)
Next, to compare to (4.22), we want to choose the matices A(±) to remove the last term in
(6.42). The form of the matrices (6.40) makes this impossible, however. This can be traced
back to the properties of the left and right chiral multiplets we use; these contain only the
plus or the minus auxiliary N = (1, 1) spinor superfields. Thus the number of auxiliary fields
does not match the number of coordinate fields. There are two ways to proceed: Either we
compare to the form of the action that results from (4.22) after integrating out some of the
S-fields or we “reinstate” the missing auxiliaries at the N = (1, 1) level by adding a trivial
Lagrangian of the type LExtra = Ψa+δaa′Υ
a′
− in (6.38). It is for this purpose the fields Ψ
a
+ and
Υa
′
− were included in (6.39). Their supersymmetry transformations are simply
Q+Ψ
a
+ = iD+Ψ
a
+ , Q+Υ
a′
− = iD+Υ
a′
− ,
Q−Ψ
a
+ = iD−Ψ
a
+ , Q−Υ
a′
− = iD−Υ
a′
− , (6.43)
and their algebra closes off-shell. We first discuss this case.
The effect of LExtra is to change N→ N˜ in (6.42), where
N˜ ≡ −i
(
0 1
m 0
)
(6.44)
is now invertible. We may thus choose A(±) such that M+A(+)tN˜A(−)−PtA(−)+A(+)tQ = 0.
Next we transform
Ψ˜+ =
(
Q+ N˜A(−)
)t
Ψˆ+
Ψ˜− =
(
P− N˜tA(+)
)t
Ψˆ− . (6.45)
With these transformations, the action (6.38)is brought to the form
S =
∫
d2ξd2θ
(
Ψ˜t+E
−1Ψ˜− + Ψ˜
t
(+D−)Φ
)
, (6.46)
with
E−1 ≡
(
Q+ N˜A(−)
)−1
N˜
[(
P− N˜tA(+)
)t]−1
. (6.47)
This is the action (4.22) in complex coordinates.
From (6.47), we may thus read off the expression for Eµν , whose inverse gives us the
background metric and antisymmetric field. Clearly both of these are given in terms of
derivatives of K. The transformations (4.23) are then found by applying (5.28) and (6.43)
to the fields Φ and Ψ˜±.
In the alternative approach where we don’t add LExtra, we choose A(±) to have some
convenient form and then make a redefinition as in (6.45). Independent of our choice, there
will always be a nonzero D+ΦD−Φ-term. To compare to (4.22) we must integrate out some
S± to generate such a term.
Finally, integrating out Ψ˜± from (6.46) or Ψ± from (6.38), we find the sum of the metric
and antisymmetric B-field to be given in terms of the potential K as
E = M+ PtN˜−1Q (6.48)
7 Geometric interpretation
In this section we show that the transformations (5.28) and (6.43) have a simple interpreta-
tion in terms of the GCG described in section 3. As mentioned there, we expect to find a
generalized Ka¨hler geometry.
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7.1 A topological model
We first discuss the topological model (6.32). Although this is not a proper sigma model,
we expect it to be related to GCG in a manner analogous to the toy-model discussed in [10].
The second supersymmetry transformations are, from (5.30) and (6.33),
δ(+)ϕA = ε+D+ϕ
BJAB ,
δ(−)ϕA = −ε−ωABSB− ,
δ(+)SA− = −ε
+D+SB−J
B
A + ωAB(ε
+JBCD+ϕ
E − δBC δ
(+)ϕE)∂E(ω
CD)SD− ,
δ(−)SA− = −iε
−ωAB∂=ϕ
B + ωBD∂C(ωAB)δ
(−)ϕCSD− , (7.49)
where ωAB is the inverse matrix of ωAB. Closure of the algebra and invariance of the action
are not issues here; they are satisfied by construction (and are easily checked). These trans-
formations represent a special case of the transformations (4.23) (in complex coordinates).
As discussed in [10], the lowest tensor terms in the transformations typically give the gener-
alized complex structure J while the higher terms are derivatives of lower ones needed for
closure of the algebra, and geometrically ensure that closure of the algebra (and invariance
of the action) leads to integrability of J . Here we already know that the GCS’s will be in-
tegrable, since we start from a manifest N = (2, 2) theory. We thus focus on identifying the
GCS’s and verify that they represent a generalized Ka¨hler geometry. We find that also here
the lowest tensor terms suffice to identify the GCS. We then verify that it has the expected
properties described in [8]. From the terms in (7.49) not containing derivatives of the metric
we identify the GCS
JJ =
(
J 0
0 −J t
)
, (7.50)
(with J as defined in (5.29)) corresponding to the (+) transformations. Since JJ is constant,
integrability is immediate. The (−)-transformations instead define
Jω =
(
0 −ω−1
ω 0
)
, (7.51)
where ωAB is the the Ka¨hler form corresponding to the Ka¨hler metric g = ωJ , which in turn
defines the metric G on T ⊕ T ∗;
G =
(
0 g−1
g 0
)
, (7.52)
We have thus uncovered the simplest case of generalized Ka¨hler geometry8 as defined in
8It represents the ordinary Ka¨hler geometry (J, g, ω).
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[8], and as a final check we verify (3.19):
−JJJω =
(
0 g−1
g 0
)
= G . (7.53)
We now turn to the full model in the form of the action (6.36).
7.2 Sigma models
Using the field-redefinitions
uAA
′
SA′− ≡ Ψ
A
− − i u
AA′(qA′BD−ϕ
B + 2iωA′B′D−χ
B′)
uAA
′
SA+ ≡ Υ
A′
+ − i u
AA′(−2iωABD+ϕ
B + pAB′D+χ
B′) , (7.54)
where uAA
′
is the inverse of nA′A, the action (6.36) reads
S = −
i
4
∫
d2ξ D2
(
D+ϕ
A(mAA′ + 4ωBAu
BB′ωB′A′)D−χ
A′
− 2iD+ϕ
AωBAu
BB′qB′CD−ϕ
C +D+χ
A′pAA′u
AB′qB′BD−ϕ
B
+2iD+χ
A′pAA′u
AB′ωB′C′D−χ
C′ + SA+u
AA′SA′−
)
≡ −
i
4
∫
d2ξD2
(
D+Φ
tED−Φ+ SA+u
AA′SA′−
)
, (7.55)
with E the sum of the metric and the B-field,
E =
(
2iωuq m− 4ωuω′
ptuq 2iptuω′
)
(7.56)
This is an explicit form of the relation (6.48) above.
The second (+) supersymmetry transformations in (5.28) read, with dots representing ϕ
and χ-derivative terms,
δ(+)ϕA = ε+D+ϕ
BJAB
δ(+)χA
′
= ε+uAA
′
(
SA+ + 2ωABD+ϕ
B + ipAB′D+χ
B′
)
δ(+)SA+ = ε
+
(
ipAA′u
BA′D+SB+ + (nA′A − pAB′u
BB′pBA′)D
2
+χ
A′
+2(ωABJ
B
C + pAA′u
BA′ωBC)D
2
+ϕ
C
)
+ ...
δ(+)SA′− = ε
+
(
−i(nA′AJ
A
Bu
BB′qB′C − qA′AJ
A
C − 4iωA′B′u
BB′ωBC)D−D+ϕ
B
− 2(nA′AJ
A
Bu
BB′ωB′C′ + iωA′B′u
BB′pBC′)D−D+χ
C′
− 2ωA′B′u
BB′D−SB+ + nA′AJ
A
Bu
BB′D+SB′−
)
+ ... . (7.57)
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From this we read off the following 8p× 8p GCS
J (+) =

J 0 0 0
2utω iutp ut 0
−2(ωJ + iputω) −(n− putp) −iput 0
i(−nJutq + qJ + 4iω′utω) 2(nJuω′ − iω′utp) −2ω′ut nJu
 . (7.58)
It may be verified that (J (+))2 = −1, independent of the actual form (6.37) of the sub-
matrices9. Finally, the form of the action (7.55) shows that on S-shell, i.e., eliminating S±,
we recover the usual second order action studied by Gates, Hull and Rocˇek in [4]. We must
thus also recover the corresponding second supersymmetry transformations
δ(±)Φ = J(±)ε±D±Φ , (7.59)
where Φ is defined in (6.39). Setting S± = 0 in (7.57) and comparing we see that the upper
left hand submatrix J(+) in (7.58) must be an (ordinary) complex structure. It is indeed
straightforward to show, using (6.37), that
(J(+))2 =
(
J 0
2utω iutp
)2
= −

δab 0 0 0
0 δa¯
b¯
0 0
0 0 δa
′
b′ 0
0 0 0 δa¯
′
b¯′
 . (7.60)
Here it is important to note that this part of the GCS (7.58) represents the full ϕ and χ
transformations, i.e., no derivative corrections were left out in (7.57) in the transformations
of these fields.
We now repeat the preceeding analysis for the second (−) supersymmetry. The transfor-
mations in (5.28) read
δ(−)ϕA = ε−uAA
′
(
SA′− + iqA′BD−ϕ
B − 2ωA′B′D−χ
B′
)
δ(−)χA
′
= − ε−D−χ
B′JA
′
B′
δ(−)SA+ = ε
−
(
2(nA′AJ
A′
B′u
BB′ωBC + iωABu
BB′qB′C)D+D−ϕ
C
+ (inA′AJ
A′
B′u
BB′pBC′ − 4ωABu
BB′ωB′C′ − ipAB′J
B′
C′)D+D−χ
C′
+ 2ωABu
BB′D+SB′− − nA′AJ
A′
B′u
BB′D−SB+
)
+ ...
δ(−)SA′− = ε
−
(
(−nA′C + qA′Au
AB′qB′C)D
2
−ϕ
C + iqA′Au
AB′D−SB′−
+2(iqA′Au
AB′ωB′C′ − ωA′B′J
B′
C′)D
2
−χ
C′
)
+ ... . (7.61)
9Although the entries in the matrix (7.58) may be considerably simplified using (6.37).
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From this we read off the following GCS
J (−) =

iuq −2uω′ 0 −u
0 −J ′ 0 0
−2(ntJ ′utω + iωuq) −i(ntJ ′utp+ 4iωuω′ − pJ ′) −ntJ ′ut 2ωu
n− quq −2(iquω′ − ω′J ′) 0 −iqu
 . (7.62)
It may be verified that (J (−))2 = −1. The two GCS commute, i.e., [J (+),J (−)] = 0, as
expected for a generealized Ka¨hler geometry. Again, the explicit form (6.37) of the matrices
is only needed for checking that (J(−))2 = −1, where the complex structure is given by
the upper left submatrix in (7.62). Note that although the generalized complex structures
commute, the complex structures do not, [J(+), J(−)] 6= 0.
The product of the two GCS’s is
− G = J (−)J (+)
=

iJuq −2Juω′ 0 −Ju
−2J ′utω −iJ ′utp −J ′ut 0
2i(−ωJuq + pJ ′utω) 4ωJuω′ + nJ ′ − pJ ′utp ipJ ′ut 2ωJu
4ω′J ′utω + nJ − qJuq 2i(−qJuω′ + ω′J ′utp) 2ω′J ′ut −iqJu
 .
(7.63)
As a final check that we are indeed dealing with a generalized Ka¨hler geometry, we have
verified that indeed G2 = 1 (independent of the explicit form (6.37) of the submatrices).
Note that the form of J (±) depends on the choice of auxiliary fields in the action. Getting
from our form of the GCS’s to the form given in chapter 6 of [8] involves a redefinition of
the auxiliary fields.
8 Discussion
In this paper we have studied the generalized Ka¨hler geometry present in nonlinear sigma
models where the basic fields are N = (2, 2) semi-chiral multiplets. The underlying biher-
mitiean geometry has noncommuting complex structures which shows that the geometrical
situation is different from that in a sigma model with chiral and twisted chiral multiplets
where the bihermitian complex structures necessarily commute. The geometry is governed
by a potential K(X, X¯,Y, Y¯) and our results should be useful in constructing explicit mod-
els (corresponding to choices of K), e.g., generalizing the discussions in [25]. Our models
also lend themselves to topological twisting. Presumably the auxiliary fields then have an
interpretation as Batalin-Vilkovisky antifields [16].
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One open question is whether a nonlinear sigma model with chiral, twisted and semi-
(anti)chiral fields covers the most general situation described by Generalized Complex Ge-
ometry. In the traditional bi-hermitean setting in, e.g., [23],[24], claims in both directions
have been made. We have not proven or disproven this; clearly a geometric understanding
of the conditions that allow a description of sigma models using semi-(anti)chiral multiplets
would cast light on this issue.
Finally, it should be interesting to study the model discussed when including boundaries.
Investigating the possible boundary conditions that preserve some supersymmetry in an open
sigma model has proven a very powerful tool in understanding the geometry of the D-brane
where it ends [26],[27], and recently it has been shown that these investigations benefit from
being formulated in terms of GCG [28].
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